Introduction {#Sec1}
============

Rare events are an important and exciting theoretical research field in mathematics and in natural sciences, with a long history in topics ranging from physics, geophysics and biology, to ecology and social systems^[@CR1]--[@CR4]^. A deeper understanding of the mechanism that leads to rare events is a major problem in risk predictions and management, across different disciplines^[@CR5],[@CR6]^.

In this field, an interesting role is played by the so called *Big Jump principle*. The principle explains extreme events in a wide class of natural and man-made systems with heavy tailed distributions, not in terms of an accumulation of many small subevents but solely as an effect of the biggest event, the big jump. The accumulated rain fall in one month in a region^[@CR7]^, the energy released in an earthquake, and also the position of particles whose motion is determined by a sum of very heterogeneous steps are examples of processes where the principle is very likely to be valid. If only one event is controlling the statistics of extremes, we can understand the inherent difficulties in the prediction. At the same time, if we know that the process we are studying follows the principle, we can learn how to better quantify the extremes.

The big jump principle has originally been shown to hold for sums of independent random variables following a heavy-tailed (i.e. subexponential) distribution^[@CR8]--[@CR12]^. Recently it has been applied to models of anomalous transport in quenched disorder^[@CR13]--[@CR15]^, where it has been used to predict with a surprising accuracy large fluctuations driven by a single rare event. Interestingly, a key feature of the big jump approach is that it is able to reproduce the whole general shape of the probability density for rare events, and in particular its non-analytical behaviors^[@CR15]^, i.e. cusps and fine structures related to the specific form of the single process that contributes to the tail. Indeed, while the central part of the probability distribution typically features universal and smooth shapes driven by central limit theorems arguments^[@CR16]^, the big jump can give rise to non universal effects since it involves a single process. The non universal effects can be used in one direction, from the microscopic modelling towards an accurate prediction of the risk for rare events, but also in reverse order, that is to argue details of the microscopic underlying processes from the structure of the far tail.

In particular, the big jump principle was recently extended^[@CR15],[@CR17],[@CR18]^ to case studies which involve Lévy walks. These are introduced as continuous time stochastic process for particles performing steps with duration drawn from a power law, hence heavy-tailed, distribution^[@CR19]--[@CR21]^. Because of their generality, Lévy walks are applied to describe motion of cold atoms in laser cooling^[@CR22]^, transport in turbulent flow^[@CR23]^ and in neural transmission^[@CR24]^, animal motion^[@CR25],[@CR26]^, and natural and optimized search processes^[@CR27]^. These systems all have in common a power law distribution for step durations and they can differ in how the walker moves along the steps, i.e. at constant velocity or with a more complex type of motion. In this framework, the typical quantity of interest is the particle position at fixed time, independently of the number of steps (draws). This introduces a non trivial coupling mechanism between position and observation time, as the far tails of the position distribution are naturally cutoff by the finite speed of propagation. Therefore Lévy walks depart from the simple case of summation of random variables and in particular the distribution of rare events presents cutoffs and other non analytic features.

A generalized Lévy walks^[@CR28],[@CR29]^, originally introduced for motion in turbulent fluids, has recently been considered to model complex motion in each single stretch. More precisely, the duration of a step *t* is drawn from a power law distribution *λ*(*t*) ∼ *t*^−1−*α*^, while the motion within a step is described by two further exponents: *v*, relating the step length with the duration time *t*, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta $$\end{document}$, which provides the temporal dynamics within a step, modelling acceleration and deceleration effects. Such a general description of the microscopic motion is suitable to deal with a wide class of Lévy walks and hence it can be applied to many model systems in the presence of complex trajectories^[@CR25],[@CR26]^. Previous results^[@CR28],[@CR29]^ focus on the calculation of the mean square displacement of the generalized Lévy walk as a function of time. Here, we describe the asymptotic time evolution of the entire walker probability distribution, which allows us to extract the behavior of correlations and higher moments.

First, we apply standard techniques in random walk theory to obtain the central part of the distribution and its scaling length. We show that the bulk of the distribution displays standard universal behaviors, i.e. a Gaussian distribution, a Lévy stable distribution or the distribution of continuous time random walks (CTRW), depending on the divergence or finiteness of the mean duration and the mean square length of the single step.

Then, by using the big jump principle, we characterize the tail of the probability distribution at distances much larger than the scaling length. We show that rare events are described by non trivial functions, determined both by the duration distribution of the steps $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda (t)$$\end{document}$ and by the microscopic acceleration and deceleration along the step, so that the result depends on all the exponents $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta $$\end{document}$. Remarkably, these non-universal distributions, which display non-analytic behaviors, are obtained from the general principle of single big jump, which provides a unique physical explanation of the process driving the rare events. We also highlight that for some values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta $$\end{document}$ the motion within a step can be slower than the growth of the scaling length, so in this case the principle does not apply. As a final result, we also derive the scaling of all the moments of the distribution that, interestingly, feature strong anomalous diffusion^[@CR30]--[@CR32]^. All our analytical results are in very good agreement with extensive numerical simulations.

The paper is organized as follows: the section Results is divided into 4 parts. In the first one we discuss the single big jump principle. In the second, we discuss the generalized Lévy walk model^[@CR28],[@CR29]^ and we describe the central part of the probability distribution. In the third part we apply the big jump principle to the generalized Lévy walk and we obtain the distribution of rare events and in the last part we discuss the moments of the distribution. Comparisons with numerical simulations are shown along the sections, showing a very good agreement in the long time asymptotic limit. The section Methods is devoted to a discussion of the big jump principle in terms of a very general formulation which can be applied to a wide class of models. In the Supplementary Information (SI) we describe some the details of our calculation. We end with our conclusions and final remarks.

Results {#Sec2}
=======

The big Jump principle {#Sec3}
----------------------

The big jump principle applies to systems where a rare fluctuation of a stochastic variable is driven by a single extreme event, that we call the big jump. We introduce the principle with the *rate approach*^[@CR15]^, an heuristic formulation which allows for an easy extension beyond the standard case of sum of independent and identically distributed random variables. The estimate is based on the splitting of the problem in two parts: the first one leads to the calculation of the jump rate, that is the rate at which the walker makes attempts to perform the big jump. The second part takes into account the dynamical evolution during the big jump.

We consider a dynamical stochastic process with random variables $\documentclass[12pt]{minimal}
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                \begin{document}$${T}_{i}=i$$\end{document}$. We are interested in the "global" stochastic variable $\documentclass[12pt]{minimal}
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                \begin{document}$$P(R,T)$$\end{document}$ the Probability Density Function (PDF) of measuring *R* at time *T* (see Methods for details). We focus on generalized Lévy walks where the event *i* is a jump, $\documentclass[12pt]{minimal}
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                \begin{document}$${t}_{i}$$\end{document}$ is the jump duration and *R* the particle position. In different stochastic processes, $\documentclass[12pt]{minimal}
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                \begin{document}$${t}_{i}$$\end{document}$ and *R* can have different interpretations (energies, masses\...)^[@CR33]--[@CR36]^.

We consider a process where, at large *T*, *P*(*R*, *T*) can be split in two terms, one related to the central part of the distribution, describing typical values of the final position R, and the other related to the far tail at very large *R*, driven by rare events:$$\documentclass[12pt]{minimal}
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                \begin{document}$$B(R,T)$$\end{document}$ can be relevant in the calculation of higher moments of the distribution $\documentclass[12pt]{minimal}
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Here the first term can be subleading with respect to the second integral for $\documentclass[12pt]{minimal}
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                \begin{document}$${q}_{c}$$\end{document}$ is a critical order of the moments. This means that some moments of the process are influenced by the rare events^[@CR30],[@CR32]^. $\documentclass[12pt]{minimal}
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                \begin{document}$$R\gg \ell (T)$$\end{document}$, and this is what determines the anomalous moments of the distribution.
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Generalized Lévy walks: microscopic dynamics and the bulk of the distribution {#Sec4}
-----------------------------------------------------------------------------

The generalized Lévy walk^[@CR28],[@CR29]^ is a model of anomalous transport with acceleration and deceleration along the microscopic trajectories, an effect that is often encountered in experiments^[@CR25],[@CR26]^. In this model, the stochastic variable $\documentclass[12pt]{minimal}
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Generalized Lévy walks and the big Jump: tails and rare events {#Sec5}
--------------------------------------------------------------
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The moments of the distribution {#Sec6}
-------------------------------
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Therefore the system displays strong anomalous diffusion^[@CR30],[@CR31]^. In panel (a) of Fig. [5](#Fig5){ref-type="fig"} we plot $\documentclass[12pt]{minimal}
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In general, therefore, the big jump approach via Eq. ([2](#Equ2){ref-type=""}) is an effective tool for the calculations of anomalous exponents. Moreover, strong anomalous diffusion seems to be a general feature for systems where the big jump approach provides a significant contribution to the tail of $\documentclass[12pt]{minimal}
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Discussion {#Sec7}
==========

The single big jump principle provides an interesting and effective insight on the origin of rare events in heavy - tailed processes. The principle allows both for a physical interpretation of the mechanism that drives large fluctuations and also for a direct tool for calculation. In practice, it works as soon as we deal with a process where only one event contributes to the far tail, that is when only one jump takes our physical quantity $\documentclass[12pt]{minimal}
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We have here applied the principle to derive the exact form of the tail of the distribution in a class of generalized Lévy walks, a stochastic process that models anomalous transport in the presence of complex dynamics in the single step taken by the walker, which is subject to acceleration and deceleration effects. The dynamics in the steps give rise to a variety of shapes and behaviors for the PDF, summarized in Table [1](#Tab1){ref-type="table"}. Interestingly, the single step dynamics is shown to strongly influence the form of the tail. We are therefore in a situation where, while the bulk of the distribution feature the usual universality properties of central limit theorems, the tail is sensitive to the detail of the single step dynamics, because the single step is what drives the rare events.

The big jump approach and the rate calculation can be applied well beyond the Lévy walk models considered in this paper and well beyond quantities that represent random walkers, sums of steps and particle positions. Our result opens new possibilities to use rare events to obtain information on the microscopic dynamics and to have a fresh look on real datasets of single trajectories in systems exhibiting heavy tails statistics. In particular, we expect the generalized Lévy walk to be largely applicable to all settings where deceleration and acceleration effects are relevant along the microscopic trajectories, like in contamination spreading and in complex active transport in the cell^[@CR26],[@CR42]^.

An open point is to deal with processes where single rare events provide non trivial contribution to the distribution also at shorter distances^[@CR38]^, as it happens in the case of the standard Lévy walk for $\documentclass[12pt]{minimal}
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Methods {#Sec8}
=======

Consider a stochastic process where the variables $\documentclass[12pt]{minimal}
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Equation ([12](#Equ12){ref-type=""}) is very general and it is suitable to describe processes with complex dynamical correlations, with $\documentclass[12pt]{minimal}
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Here, we have considered the generalized Lévy walk and we provide a heuristic expression for $\documentclass[12pt]{minimal}
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